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ABSTRACT
The paper deals with the correlated concepts of coﬁbration and bicoﬁbration in
C∗-algebra theory. We study coﬁbrations of C∗-algebras introduced by Claude
Schochet in [9] (see also [7]). Coﬁbrations are characterized by means of the
mapping cylinder C∗-algebras. We also deﬁne and analyse the notion of bicoﬁ-
bration for C∗-algebras based on the topological model from [8] (see also [5]).
As an application, an exact sequence of Cˇerin’s homotopy groups [1] is obtained.
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C∗-algebras, mapping cylinder (cone), double mapping cylinder, Cˇerin’s homotopy
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Introduction
We recall that a continuous map f : X ′ → X is called a coﬁbration if, whenever we
are given a space Y , a map g : X → Y and a homotopy H : X ′ × I → Y , starting
with g ◦ f , there is a homotopy G : X × I → Y that starts with g, and satisﬁes
H = G ◦ (f × 1I). A well- known example is that one of the inclusion map i : L ↪→ K
for a CW-pair (K,L) (see [6, p. 285]). Secondly every continuous map f : X → Y can
be written as a composition f = r ◦ i between a coﬁbration i : X → Zf and a strong
deformation retract r : Zf → Y (see [10, ch. I, §4]). The notion of coﬁbration and
respectivly the homotopy extension property play an important role in the general
homotopy theory (see for example [2, ch. I; 4, ch. 6; 6, ch. 6, §5; 10, ch. 2, §8; 11, ch. I]).
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The notion of bicoﬁbration was introduced by the ﬁrst author in [8] and then it was
also studied by R. W. Kieboom in [5]. This is a generalization of the topological sum
of two spaces and of the joining of complexes. A bicoﬁbration is a pair of coﬁbration
X1
f1−→ X f2←− X2, either having two retract functions mutually stationary [8], or
being strictly separated, which means that there exists a map u : X → I such that
f1(X1) ⊂ u−1(0) and f2(X2) ⊂ u−1(1), see [5].
The idea to consider these notions in noncommutative context came to us in
connection with the study of the existence of some homotopy commutative diagrams
of ∗-homomorphisms [7]. In [9] the coﬁbrations were used to deﬁne the so-called
coﬁbre homology and cohomology theories.
The aim of the paper is the translation of the usual properties of these structures
from the usual case in the language of noncommutative homotopy theory of C∗-
algebras. Most of the properties of the usual coﬁbrations and bicoﬁbrations have
interesting statements and require nontrivial proofs in the noncommutative approach.
But a series of new results also appears, for example the ones in section 5, connected
to the Cˇerin’s homotopy groups [1]. In section 1 we give the deﬁnition of coﬁbrations
of C∗-algebras and we establish some general results (Theorem 1.4, Theorem 1.7,
Corollary 1.11) which produce a lot of examples. These examples start either from a
C∗-algebra and its cylinder, cone and suspension, or from a ∗-homomorphism and its
mapping cylinder and mapping cone. In section 2 we prove that a ∗-homomorphism
φ : A → B is a coﬁbration if and only if its mapping cylinder Mφ is a canonical
retract of the cylinder AI (Corollary 2.3). In section 3 a series of properties of
coﬁbrations of C∗ -algebras is proved inspired from some results on the topological
coﬁbrations given in the book of I. M. James [4, ch. 6]. Section 4 is devoted to
the introduction and study of the notion of bicoﬁbration of C∗-algebras. A series of
examples of bicoﬁbrations is given. It is illustrated that not each pair of coﬁbrations is
a bicoﬁbration. It is emphasized that every coﬁbration φ : A→ B can be considered as
a trivial bicoﬁbration 0← A φ−→ B. A characterization of bicoﬁbrations is established
on the model of coﬁbrations by means of a canonical pair retracts (Corollary 4.11).
Using this characterization other examples are obtained and, among these, that one
for a ﬁxed nuclear C∗-algebra F , the functor A→ A⊗min F preserves bicoﬁbrations.
In section 5 we establish some properties (Theorem 5.1, Theorem 5.2, Theorem 5.7)
in connection with the Cˇerin’s homotopy groups of C∗-algebras [1]. The main result
in this section is the construction, for a coﬁbration φ : A → B , an arbitrary C∗-
algebra K, and an integer n ≥ 0, of an exact sequence
πn+1(K;B)
∂∗−→ πn(K;Cφ) π(φ)∗−−−→ πn(K;A) φ∗−→ πn(K;B)
of Cˇerin’s homotopy groups. Then this applied to obtain an exact sequence
πn+1(K;B)
∂∗−→ πn(K;Cφ) i
′
∗−→ πn(K;Mφ) ι∗−→ πn(K;B)
for an arbitrary ∗-homomorphism φ : A→ B.
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Notation (cf. [3, ch. I]). By a morphism or a morphism of C∗-algebras we mean a
∗-homomorphism.
Given a C∗-algebra A and a (locally) compact space Y , denote by AY the C∗-
algebra of (vanishing at inﬁnity) continuous functions of Y into A. If φ : A→ B is a
∗-homomorphism and Y is a (locally) compact space, then φ induces a ∗-homorphism
φY : AY → BY by (φY )(u) = φ ◦u, ∀u ∈ AY . If Y = I = [0, 1], then for every t ∈ I,
denote by ρt : AI → A the ∗-homomorphism deﬁned by ρt(u) = u(t), ∀u ∈ AI.
Two morphisms of C∗-algebras η : A→ B and φ : A→ B are said to homotopic,
written η h∼ φ, if there is a morphism Ψ : A→ BI such that ρ0◦Ψ = η and ρ1◦Ψ = φ.
The morphism Ψ is called a homotopy (morphism).
A morphism η : A→ B is called a homotopy equivalence when there is a morphism
ξ : B → A such that ξ ◦ η and η ◦ ξ are homotopic to the respective identity maps of
A and B.
If η : A → B and ξ : B → A are two morphisms such that ξ ◦ η = idA and
η◦ξ h∼ idB , by a homotopy morphism Φ : B → BI, such that ρt◦Φ◦η = η, ∀t ∈ I, and
ρ1Φ(ker ξ) = 0, the C∗-algebra A is called a deformation retract of the C∗-algebra B
([7]; see also [9]).
Given a commutative diagram of ∗-homomorphisms
A1
χ

φ1





B
A2
φ2

χ is called a morphism over B. If χ, θ : A1 → A2 are morphisms over B, then a
homotopy over B of χ into θ is a homotopy in the ordinary sense which is a morphism
over B at each stage of “deformation.”
1. Coﬁbrations: deﬁnition and examples
Deﬁnition 1.1 ([9], see also [7]). A ∗-homomorphism φ : A → B is said to be
a coﬁbration if it satisﬁes the following (“homotopy lifting”) property: for a C∗-
algebra D, a ∗-homomorphism ψ : D → A, and a homotopy ∗-homomorphism Φ :
D → BI of φ ◦ ψ, there exists a homotopy ∗-homomorphism Ψ : D → AI of ψ, such
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that φI ◦Ψ = Φ.
A
φ  B
D
ψ

Ψ
Φ





AI
ρ0
		
φI
 BI
ρ0
		
Example 1.2. For A, B arbitrary C∗-algebras, the projections pA : A ⊕ B → A and
pB : A⊕B → B are coﬁbrations.
Consider the projection pB . First we observe that (A⊕B)I ∼= AI ⊕BI and that
the ∗-homomorphism pBI can be identiﬁed with pBI . Then if ψ : D → A⊕B is a mor-
phism and Φ : D → BI, a homotopy of ψ, i.e., ρ0 ◦Φ = pB ◦ψ, we can deﬁne a homo-
topy ∗-homomorphism Ψ : D → (A⊕B)I ∼= AI⊕BI by Ψ(d)(t) = (pA(ψ(d)),Φ(d)(t)).
For this homotopy we have Ψ(d)(0) = (pA(ψ(d)),Φ(d)(0)) = (pA(ψ(d)), pB(ψ(d)) =
ψ(d), i.e., ρ0 ◦ Ψ = ψ, and (pB ◦ Ψ)(d)(t) = pB((pA(ψ(d)),Φ(d)(t))) = Φ(d)(t), i.e.,
pB ◦Ψ = Φ.
Remark 1.3. The example of the above proposition corresponds to the topological
coﬁbrations iX : X → X ∨Y and iY : Y → X ∨Y , where X ∨Y is the disjoint union
of the spaces X and Y .
Afterwards we give two theorems which oﬀer a series of interesting examples of
coﬁbrations.
Theorem 1.4 ([7, 9]). Let φ : A → B be an arbitrary ∗-homomorphism with the
mapping cylinder C ∗-algebra Mφ = {(a, β) ∈ A⊕BI : φ(a) = β(1)} ( [3, p. 23]). The
map ι : Mφ → B, deﬁned by ι((a, β)) = β(0), is a coﬁbration.
Proof. Suppose that the following diagram is given
Mφ
ι  B
D
ψ



Φ





MφI
ρ0
		
ιI
 BI
ρ0
		
and we need to deﬁne a homotopy morphism Ψ : D →MφI. for ψ.
If for d ∈ D, ψ(d) = (a, u), u ∈ BI with
u(1) = φ(a), (1)
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then (ι ◦ ψ)(d) = u(0). On the other hand, (ρ0 ◦ Φ)(d) = Φ(d)(0), hence we have
u(0) = Φ(d)(0). (2)
We shall deﬁne Ψ as Ψ(d)(t) = (a, ut), with ut ∈ BI, satisfying
ut(1) = φ(a), (3)
in order to fulﬁll (a, ut) ∈ Mφ. Moreover the condition ρ0 ◦ Ψ = ψ implies
Ψ(d)(0) = (a, u0), so the equality
u0 = u (4)
is necessary. And, ﬁnally, since ιI ◦Ψ = Φ we have
ιI(Ψ(d))(t) = Φ(d)(t) =⇒ ι(Ψ(d))(t) = Φ(d)(t)
so that it is also necessary that the condition
ut(0) = Φ(d)(t) (5)
is fulﬁlled.
These conditions (1)–(5) are satisﬁed by the path
ut(τ) =
⎧⎪⎪⎨
⎪⎪⎩
Φ(d)((t− 2τ)), 0 ≤ τ ≤ t
2
,
u
(
2τ − t
2− t
)
,
t
2
≤ τ ≤ 1.
Thus ι : Mφ → B is a coﬁbration and this ﬁnishes the proof.
Remark 1.5. The above example is inspired from the topological coﬁbration i : X →
Mf , i(x) = [x, 0], for a continuous map f : X → Y (see [10, ch. I , §4, Th. 12]).
In section 2 the mapping cylinder will be used for a characterization of an arbitrary
coﬁbration.
Remark 1.6. In [7] (see also [9]) there was proved that there exists a commutative
diagram
A
φ 
ζ 



 B
Mφ
ι

with ς a deformation retract ∗-homomorphism and ι the coﬁbration from Theorem 1.4.
The following theorem is a slight generalization of [9, Prop. 1.5].
533
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Theorem 1.7. Consider a commutative diagram of C∗-algebras
P
φ¯ 
q¯

C
q

A
φ
 B
with the property that the pullback product ∗-morphism q¯×B φ¯ : P → A×B C admits
a left inverse τ : A×B C → P . In these conditions if φ is a coﬁbration then φ¯ is also
a coﬁbration.
Particularly the pullback of a coﬁbration φ by an arbitrary ∗-morphism q is a
coﬁbration φ¯.
Proof. Suppose that we have a commutative diagram
P
φ¯  C
D
ψ¯



Φ¯





PI
ρ0
		
φ¯I
 CI.
ρ0
		
Then the following commutative diagram exists:
A
φ  B
D
q¯◦ψ¯

qI◦Φ¯





AI
ρ0
		
φI
 BI.
ρ0
		
By hypothesis there is a homotopy Ψ : D → AI, with ρ0◦Ψ = q¯◦ψ¯ and φI◦Ψ = qI◦Φ¯.
We need to deﬁne an extension homotopy Ψ¯ : D → PI of Φ¯. For this we observe
that for each d ∈ D and t ∈ I the pair (Ψ(d)(t), Φ¯(d)(t)) ∈ A ×B C. Then for the
∗- morphism τ : A ×B C → P we have τ((q¯(x), φ¯(x))) = x, for any x ∈ P , and
(φ¯ ◦ τ)((a, b)) = b. Deﬁne Ψ¯(d)(t) = τ((Ψ(d)(t), Φ¯(d)(t))). This satisﬁes
(ρ0 ◦ Ψ¯)(d) = Ψ¯(d)(0) = τ((Ψ(d)(0), Φ¯(d)(0))) = τ(q¯(ψ¯(d)), φ¯(ψ¯(d))) = ψ¯(d),
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i.e., ρ0 ◦ Ψ¯ = ψ¯, and
(φ¯I ◦ Ψ¯)(d)(t) = φ¯(τ((Ψ(d)(t), Φ¯(d)(t))) = Φ¯(d)(t)),
i.e., φ¯I ◦ Ψ¯ = Φ¯.
We shall also use the following lemma of which proof is immediate.
Lemma 1.8. Let φ : A→ B and φ′ : A′ → B be two ∗-homomorphisms such that A
and A′ are isomorphic over B. Then, if φ is a coﬁbration, φ′ is also a coﬁbration.
Example 1.9. The ∗-homomorphism ρ0 : BI → B is a coﬁbration.
We obtain this by using Theorem 1.4 by taking φ = idB , for which Mφ ∼= BI, and
then the morphism ι can be identiﬁed with ρ0.
Example 1.10. The ∗-homomorphism ρt : BI → B is a coﬁbration for each t ∈ [0, 1]
(see also [9, Lemma 1. 3]).
To verify this, consider the map ζ : BI → BI given by ζ(β) = β′ with
β′(τ) =
{
β(t− τ), if τ ≤ t,
β(τ − t), if τ ≥ t.
This is a ∗-isomorphism over B along the pair (ρ0, ρt). Then we can apply Lemma 1.8
and Example 1.9.
To give other examples of coﬁbrations, consider two ∗-homomorphisms B1 ϕ1−→
C
ϕ2←− B2 and the double mapping cylinder
M(ϕ1,ϕ2) = { (b1, b2, γ) ∈ B1 ⊕B2 ⊕ CI : γ(0) = ϕ1(b1), γ(1) = ϕ2(b2) },
see [7].
Corollary 1.11. The projections pi : M(ϕ1,ϕ2) → Bi, pi((b1, b2, γ)) = bi, i = 1, 2, are
coﬁbrations.
Proof. At ﬁrst we observe that M(ϕ1,ϕ2) is in fact the pullback along the pair of
morphisms ι : Mϕ2 → C, ϕ1 : B1 → C and that p1 is the pullback projection
opposite to ι. Then by applying Theorem 1.4 and Theorem 1.7 we deduce that p1 is
a coﬁbration. By analogy, the morphism p′1 : M(ϕ2,ϕ1) → B2, p′1((b2, b1, γ)) = b2 is a
coﬁbration. Then we apply Lemma 1.8 for the morphisms p2 : M(ϕ1,ϕ2) → B2 and
p′1 : M(ϕ2,ϕ1) → B2.
Example 1.12 ([9, p. 409]). For any ∗-homomorphism φ : A → B, the projection
pA : Mφ → A is a coﬁbration.
We apply Corollary 1.11 for the morphisms B idB−−→ B φ←− A. Then M(idB ,φ) ∼= Mφ
and the projection M(idB ,φ) → A can be identiﬁed with the projection pA : Mφ → A.
535
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Example 1.13. If for a morphism φ : A → B, denote by Cφ the mapping cone C∗-
algebra of φ, i.e.,
Cφ := {(a, β) ∈ A⊕BI : β(1) = φ(a), β(0) = 0} = {(a, β) ∈Mφ : β(0) = 0},
then the projection π(φ) : Cφ → A, π(φ)((a, β)) = a, is a coﬁbration. This results
from Corollary 1.11 by taking the pair of morphisms 0 → B φ←− A. For this we have
M(0,φ) = {(0, a, β) : β(0) = 0, β(1) = φ(a)} = Cφ and π(φ) is the projection p2.
Particularly, if CB is the cone algebra over B, i.e.,
CB = CidB = {β ∈ BI : β(0) = 0},
and then ρ′1 := ρ1/CB : CB → B is a coﬁbration.
Example 1.14. If φ : A → B is a coﬁbration then the projection pCB : Cφ → CB,
pCB((a, β)) = β is also a coﬁbration. This results from Theorem 1.7 since Cφ is the
pullback along the morphisms φ and ρ′1 and pCB is opposite to φ.
Proposition 1.15. Let φi : A → Bi, i = 1, 2, be ∗-homomorphisms with φ1 a coﬁ-
bration. Suppose that there exist f : B1 → B2 and g : B2 → B1 such that f ◦φ1 = φ2,
g ◦ φ2 = φ1, and f ◦ g = 1B2 .
Then φ2 is also a coﬁbration.
Proof. Let a diagram
A
φ2  B2
D
ψ

Φ





AI
ρ0
		
φ2I
 B2I
ρ0
		
with ρ0 ◦ Φ = φ2 ◦ ψ be given. Then there exists the commutative diagram
A
φ1  B1
D
ψ

Ψ
			
			
			
			
	
(gI)◦Φ





AI
ρ0
		
φ1I
 B1I
ρ0
		
with
ρ0 ◦Ψ = ψ (6)
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and (φ1I) ◦Ψ = (gI) ◦ Φ. By this we deduce that
(fI) ◦ ((φ1I) ◦Ψ) = (fI) ◦ ((gI) ◦ Φ)⇐⇒ ((f ◦ φ1)I) ◦Ψ = ((f ◦ g)I) ◦ Φ,
i.e.,
(φ2I) ◦Ψ = Φ. (7)
Thus, the relations (6) and (7) show that φ2 is a coﬁbration.
2. The role of the mapping cylinder in the general case
Theorem 2.1. A ∗-homomorphism φ : A → B is a coﬁbration if and only if there
exists a ∗-homomorphism r : Mφ → AI satisfying the following conditions:
(i) r((a, β))(0) = a,
(ii) (φI ◦ r)((a, β)) = βˆ, ∀(a, β) ∈Mφ.
( βˆ denotes the inverse path of β, i.e., βˆ(t) = β(1− t), ∀t ∈ I).
Proof. Suppose that there exists a ∗-homomorphism r : Mφ → AI with the proper-
ties (i), (ii).
Let ψ : D → A,Φ : D → BI be ∗-homomorphisms such that ρ0 ◦Φ = φ ◦ψ. Thus
we have Φ(d)(0) = φ(ψ(d)) and we can deﬁne Ψ : D → AI, by Ψ(d) = r((ψ(d), Φ(d))).
For this morphism we have
(ρ0 ◦Ψ)(d) = Ψ(d)(0) = r((ψ(d), Φ(d)))(0) = ψ(d)
and
(φI ◦Ψ)(d) = (φI ◦ r)((ψ(d), Φ(d))) = Φ(d),
i.e., (φI) ◦Ψ = Φ. Thus φ is a coﬁbration.
Conversely, suppose that φ is a coﬁbration . Consider D = Mφ and ψ : D → A,
Φ : D → BI deﬁned by ψ((a, β)) = a, and Φ((a, β)) = βˆ, ∀(a, β) ∈Mφ . Then
(ρ0 ◦ Φ)((a, β)) = Φ((a, β))(0) = βˆ(0) = β(1) = φ(a) = (φ ◦ ψ)((a, β)),
i.e., ρ0 ◦ Φ = ψ and this implies that there exists Ψ : Mφ → AI, with Ψ((a, β))(0) =
ψ((a, β)) = a and (φI ◦Ψ)((a, β)) = Φ((a, β)) = βˆ. Thus r = Ψ veriﬁes the conditions
(i), (ii).
We can formulate this characterization of coﬁbrations also in terms of retracts, as
follows.
Deﬁnition 2.2. For a ∗-homomorphism φ : A → B we can deﬁne a morphism
κ : AI →Mφ by κ(α) = (α(0), φ ◦ αˆ). We say that Mφ is a “canonical retract” of AI
if there exists a ∗-homomorphism γ : Mφ → AI such that κ ◦ γ = 1Mφ .
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Corollary 2.3. A ∗-homomorphism φ : A→ B is a coﬁbration if and only if Mφ is
a “canonical retract” of AI.
Proof. Suppose that φ is a coﬁbration and r : Mφ → AI is the ∗-homomorphism from
Theorem 2.1. Then if we put γ = r, we have
(κ ◦ γ)((a, β)) = (r((a, β))(0), φ ◦ r((a, β))) = (a,φ ◦ r((a, β))) = (a, β)
=⇒ κ ◦ γ = 1Mφ .
Conversely, suppose that there is a retraction γ, as above. Then if (a, β) ∈Mφ,
(a, β) = (κ ◦ γ)((a, β)) = (γ((a, β))(0),φ ◦ γ((a, β))) =⇒ γ((a, β))(0) = a,
andφ ◦ γ((a, β))) = β. Therefore, if we put r = γ, the conditions of Theorem 2.1 are
veriﬁed and thus φ is a coﬁbration.
Remark 2.4. In [9, Prop. 1.10] a variant of Corollary 2.3 also exists.
Corollary 2.5. A composition of two coﬁbrations is also a coﬁbration.
Proof. Let φ1 : A → B, φ2 : B → C be coﬁbrations with canonical retracts r1 :
Mφ1 → AI and, respectively, r2 : Mφ2 → BI . Then we can deﬁne r : Mφ2◦φ1 → AI
by r((a, γ)) = r1((a,r2((φ1(a), γ)), which is a canonical retract.
Corollary 2.6. If φ : A → B is a coﬁbration, then φI : AI → BI is also a
coﬁbration.
Proof. MφI = {(α, F ) ∈ AI ⊕ (BI)I : F (1) = φ ◦ α} and κφI : (AI)I → MφI ,
κφI(G) = (G(0), φI ◦ Gˆ).
If r : Mφ → AI is a canonical retract for φ, we can obtain a morphism R :
MφI → (AI)I. If (α, F ) ∈MφI , and t ∈ I, considering βt ∈ BI with βt(t′) = F (t′)(t).
Then βt(1) = F (1)(t) = φ(α(t)), which implies that (α(t), βt) ∈Mφ.
We deﬁne R((α, F ))(t′)(t) = r((α(t), βt))(t′). This morphism satisﬁes R((α, F ))(0)(t) =
r((α(t), βt))(0) = α(t) and
(φI ◦R((α, F )))(t′)(t) = (φ ◦r((α(t), βt)))(t′) = βt(t′) = F (t′)(t)
=⇒ φI ◦R((α, F )) = F.
These relations show that R is a canonical retract.
The proof of Corollary 2.6 can be adapted to obtain the following corollary.
Corollary 2.7. If φ : A → B is a coﬁbration, then C(φ) : CA → CB is also a
coﬁbration.
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3. Other properties of the coﬁbrations [4]
The following theorem is inspired from some results on the topological coﬁbrations
given in the book of I. M. James [4, ch. 6].
Theorem 3.1.
(i) A coﬁbration of C∗-algebras is a surjective ∗-homomorphism.
(ii) Let φ1 : A1 → B be a coﬁbration and φ2 : A2 → B an arbitrary morphism.
Let χ : A2 → A1 be a morphism such that φ1 ◦ χ h∼ φ2. Then χ h∼ χ′ for
χ′ : A2 → A1 a morphism over B.
(iii) If a coﬁbration φ : A→ B admits a right inverse up to homotopy then φ admits
a right inverse.
(iv) Let φ : A → B be a coﬁbration. Let θ : A → A a morphism over B, and
suppose that θ h∼ 1A. Then there exists a morphism θ′ : A → A over B such
that θ ◦ θ′ h∼ 1A over B.
(v) Let φi : Ai → B, i = 1, 2, be coﬁbrations. Let γ : A2 → A1 a morphism over
B. Suppose that γ, as an ordinary morphism, is a homotopy equivalence. Then
γ is a homotopy equivalence over B.
(vi) If a coﬁbration φ : A → B admits a right inverse φ′ : B → A and it is a
homotopy equivalence then φ is a homotopy equivalence over B.
Proof. (i) Consider the following commutative diagram
A
φ  B
Mφ
pA

Ψ
			
			
			
			
	
Φ





AI
ρ0
		
φI
 BI
ρ0
		
with pA((a, β)) = a,Φ((a, β)) = βˆ, satisfying φ ◦ pA = ρ0 ◦ Φ, and ρ0 ◦ Ψ = pA,
φI◦Ψ = Φ. The last relation implies φ(Ψ((a, β))(1)) = β(0) for each pair (a, β) ∈Mφ.
If b ∈ B is an arbitrary element, consider the path βb ∈ BI, deﬁned by βb(t) = (1−t)b,
for any t ∈ I. Then (0A, βb) ∈ Mφ since φ(0A) = 0B = βb(1). Thus we can write
b = βb(0) = φ(Ψ((0A, βb))(1)), i.e., b ∈ Imφ.
(ii) Let Φ : A2 → BI be a homotopy of φ1 ◦ χ into φ2. Since ρ0 ◦ Φ = φ1 ◦ χ
and φ1 is a coﬁbration there exists a homotopy Ψ : A2 → A1I with ρ0 ◦ Ψ = χ and
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(φ1I) ◦Ψ = Φ. Taking χ′ to be ρ1 ◦Ψ, we have χ′ h∼ χ and
φ1 ◦ χ′ = φ1 ◦ ρ1 ◦Ψ = ρ1 ◦ Φ = φ2.
(iii) This assertion is a special case of (ii) for φ1 = φ : A→ B,φ2 = 1B and χ a
homotopic right inverse of φ. Then χ h∼ χ′ for a morphism χ′ : B → A over B. This
means that φ ◦ χ′ = 1B .
(iv) Let Φ : A→ AI be a homotopy of θ with 1A, i.e., ρ0◦Φ = θ and ρ1◦Φ = 1A.
The property of the ∗-morphism θ to be over B is expressed by the relation φ◦ θ = φ.
Then the ∗-homotopy φI ◦ Φ : A→ BI satisﬁes the relation
ρ0 ◦ (φI ◦ Φ) = φ ◦ (ρ0Φ) = φ ◦ θ = φ.
Since φ is a coﬁbration, there exists a ∗-homotopy Ψ : A→ AI such that ρ0 ◦Ψ = 1A
and φI ◦Ψ = φI ◦ Φ. Deﬁne θ′ = ρ1 ◦Ψ. For this we have
φ ◦ θ′ = φ ◦ ρ1 ◦Ψ = φ ◦ ρ0 ◦Ψ = φ ◦ θ = φ
and θ′ h∼ 1A. We shall prove that θ ◦ θ′ h∼ 1A over B. A simple homotopy of these
morphisms is Γ : A→ AI, being deﬁned by
Γ(a)(t) =
{
θ((Ψ(a)(1− 2t)), 0 ≤ t ≤ 1/2,
Φ(a)(2t− 1), 1/2 ≤ t ≤ 1, ρ0 ◦ Γ = θ ◦ θ
′, ρ1 ◦ Γ = 1A.
But this is not a ∗-homotopy over B since
(φ ◦ Γ)(a)(t) =
{
φ((Φ(a)(1− 2t)), 0 ≤ t ≤ 1/2,
φ(Φ(a)(2t− 1)), 1/2 ≤ t ≤ 1, φ ◦ Γt = φ.
We shall replace this ∗- homotopy Γ by a ∗-homotopy of θ ◦ θ′ with 1A over B. For
this we consider ﬁrst a homotopy Λ : A→ (BI)I deﬁned by
Λ(a)(t)(t′) =
{
φ((Φ(a)(1− 2t′(1− t)), 0 ≤ t′ ≤ 12 , t ∈ I
φ(Φ(a)(1− 2(1− t′)(1− t))), 12 ≤ t′ ≤ 1, t ∈ I
Then ρ0 ◦ Λ = (φI) ◦ Γ and since φI is a coﬁbration (Corollary 2.6) there exists a
homotopy Λ′ : A→ (AI)I with ρ0 ◦ Λ′ = Γ and ((φI)I) ◦ Λ′ = Λ. Then
θ ◦ θ′ = ρ0 ◦ Γ = ρ0 ◦ ρ0 ◦ Λ′ h∼ ρ1 ◦ ρ0 ◦ Λ′ h∼ ρ1 ◦ ρ0 ◦ Λ′ = ρ1 ◦ Γ = 1A,
all homotopies being over B.
(v) Let γ′ : A1 → A2 be a homotopy inverse of γ, as an ordinary morphism.
Then φ2 ◦ γ′ = φ1 ◦ γ ◦ γ′ h∼ φ1. By (i), γ′ h∼ γ′′ for some morphism γ′′ : A1 → A2
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over B. Since γ ◦γ′′ h∼ 1A1 and, since γ ◦γ′′ is over B, by (iii) there exists a morphism
δ : A1 → A1 over B such that γ ◦ γ′′ ◦ δ h∼ 1A1 over B. Thus γ admits a homotopy
right inverse γ˜ = γ′′ ◦ δ over B.
Now γ˜ is a homotopy equivalence, since γ is a homotopy equivalence, and so the
same argument, applied to γ˜ instead of γ, shows that γ˜ admits a homotopy right
inverse  γ˜ over B. Thus γ˜ admits both a homotopy left inverse γ over B and a
homotopy right inverse  γ˜ over B. Hence γ˜ is a homotopy equivalence over B, and so
γ itself is a homotopy equivalence over B, as asserted.
(vi) If φ◦φ′ = 1B we have that φ′ is a morphism over B. And if φ is a homotopy
equivalence we can suppose that φ′.is a homotopy equivalence. Then we apply (v) for
φ1 = φ, φ2 = 1B , and γ = φ′. Therefore φ′ is a homotopy equivalence over B, and so
φ itself is a homotopy equivalence over B.
4. Bicoﬁbrations
In this part of the paper our notion of bicoﬁbration and also some properties of this
structure are a noncommutative version of the notion of (topological ) bicoﬁbration [8]
and of some properties of this given in [5].
Deﬁnition 4.1. A pair of ∗-homomorphisms φi : A → Bi, i = 1, 2, is a bi-
coﬁbration of C∗-algebras if given a ∗-homomorphism ψ : D → A and homotopy
∗-homomorphisms Φi : D → BiI, i = 1, 2 , satisfying ρ0 ◦ Φi = φi ◦ ψ, i = 1, 2, there
exist homotopy ∗-homomorphisms Ψi : D → AI, i = 1, 2, such that:
(i) ρ0 ◦Ψi = ψ, i = 1, 2,
(ii) φiI ◦Ψi = Φi, i = 1, 2, and
(iii) (D Ψ1−−→ AI ρt−→ A φ2−→ B2) = (D ψ→ A φ2−→ B2), ∀t ∈ I,
(iv) (D Ψ2−−→ AI ρt−→ A φ1−→ B1) = (D ψ−→ A φ1−→ B1), ∀t ∈ I.
B1 A
φ1 φ2  B2
D
ψ
		
Φ1


















Φ2





Ψ1

Ψ2

B1I
ρ0
		
AI
φ1I

φ2I

ρt

B2I
ρ0
		
B1 A
φ1 φ2  B2
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Example 4.2. Let φi : Ai → Bi, i = 1, 2, be coﬁbrations. Deﬁne φ′i : A1 ⊕ A2 → Bi
by φ′i = φi ◦ pi, i = 1, 2, where pi : A1 ⊕ A2 → Ai are the sum projections. Then the
pair of ∗-homomorphisms B1 φ
′
1←− A1 ⊕A2 φ
′
2−→ B2 constitutes a bicoﬁbration.
Particularly, for two arbitrary C∗-algebras Ai, i = 1, 2, the pair of the projections
A1
p1←− A1 ⊕A2 p2−→ A2 is a bicoﬁbration.
To see this, let ψ : D → A1⊕A2 be a ∗-homomorphism and homotopy morphisms
Φi : D → BiI,with ρ0 ◦ Φi = φ′i ◦ ψ, i = 1, 2. Consider ψi : D → Ai, ψi = pi ◦ ψ ,
i = 1, 2. Because
ρ0 ◦ Φi = φ′i ◦ ψ = φ′i ◦ ((p1ψ, p2ψ)) = φi ◦ ψi, i = 1, 2,
there exist Ψi : D → AiI, with ρ0 ◦ Ψi = ψi and (φiI) ◦ Ψi = Φi. Consider
Ψ′i : D → (A1 ⊕ A2)I = A1I ⊕ A2I, i = 1, 2, deﬁned by Ψ′1(d) = (Ψ1(d), ψ2(d))
and Ψ′2(d) = (ψ1(d),Ψ2(d)). Then we have
ρ0 ◦Ψ′1 = (ρ0 ◦Ψ1, ψ2) = (ψ1, ψ2) = ψ,
ρ0 ◦Ψ′2 = (ψ1, ρ0 ◦Ψ2) = (ψ1, ψ2) = ψ,
and
(φ′1I) ◦Ψ′1 = (φ1I ◦ p1I) ◦ (Ψ1, ψ2) = φ1I ◦Ψ1 = Φ1,
and analogously (φ′2I) ◦Ψ′2 = Φ2. Moreover, we have
φ′2 ◦ ρt ◦Ψ′1 = φ2 ◦ p2 ◦ ρt ◦ (Ψ1, ψ2) = φ2 ◦ p2 ◦ (ρt ◦Ψ1, ψ2)
= φ2 ◦ ψ2 = φ2 ◦ p2 ◦ ψ = φ′2 ◦ ψ
and analogously φ′1 ◦ ρt ◦Ψ′2 = φ′1 ◦ ψ.
Example 4.3. Let φ : A → B be a ∗-homomorphism, Mφ the mapping cylinder of φ
and the ι : Mφ → B, pA : Mφ → A the maps ι((a, β)) = β(0) (Theorem 1.4), resp.
pA((a, β)) = a (Example 1.12). Then the pair A
pA←−−Mφ ι−→ B is a bicoﬁbration.
To see this, suppose that ψ : D → Mφ and ΦA : D → AI,Φ : D → BI are given
such that ρ0 ◦ ΦA = pA ◦ ψ and ρ0 ◦ Φ = ι ◦ ψ. At ﬁrst we denote by Ψ : D → MφI
the homotopy from the proof of Theorem 1.4. Then
(pA ◦ ρt ◦Ψ)(d) = pA(ψ(d)(t)) = pA((a, ut)) = a = pA((a, u)) = pA(ψ(d)).
Hence pA ◦ ρt ◦Ψ = pA ◦ ψ.
Then if ψ(d) = (ad, βd), deﬁne the homotopy ΨA : D → MφI by ΨA(d)(t) =
(ΦA(d)(t), βd,t), with βd,t ∈ BI given by
βd,t(τ) =
⎧⎪⎨
⎪⎩
βd(0), if 0 ≤ τ ≤ t3 ,
βd
(
3τ−t
3−2t
)
, if t3 ≤ τ ≤ 1− t3 ,
φ(ΦA(d)(t + 3τ − 3)), if 1− t3 ≤ τ ≤ 1.
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Then ΨA is a homotopy well deﬁned which veriﬁes the conditions
(ρ0 ◦ΨA)(d) = ΨA(d)(0) = (ΦA(d)(0), βd,0) = (ad, βd) = ψ(d),
(pAI ◦ΨA)(d)(t) = pA(ΨA(d)(t)) = pA(ΦA(d)(t), βd,t) = ΦA(d)(t),
and
(ι ◦ ρt ◦ΨA)(d) = ι(ΨA(d)(t)) = ι((ΦA(d)(t), βd,t)) = βd,t(0)
= βd(0) = (ι ◦ ψ)(d)
Thus the homotopies Ψ and ΨA verify the conditions (i)–(iv) from Deﬁnition 4.1.
Proposition 4.4. The pair of ∗-homomorphisms A ρ0←− AI ρ1−→ A is a bicoﬁbration.
Proof. Let ψ : D → AI be a ∗-homorphism and homotopy morphisms Φi : D → AI,
i = 0, 1, with ρ0 ◦Φ0 = ρ0 ◦ψ and ρ0 ◦Φ1 = ρ1 ◦ψ. At ﬁrst, we deﬁne Ψ0 : D → (AI)I
by
Ψ0(d)(t)(τ) =
{
Φ0(d)(t− 2τ), 0 ≤ τ ≤ t2 ,
ψ(d)
(
2τ−t
2−t
)
, t2 ≤ τ ≤ 1.
This homotopy ∗-homomorphism veriﬁes ρ0 ◦Ψ0 = ψ, ρ0I ◦Ψ0 = Φ0, and
(ρ1 ◦ ρt ◦Ψ0)(d) = ρ1(Ψ0(d)(t)) = Ψ0(d)(t)(r) = ψ(d)(1) = (ρ1 ◦ ψ)(d), ∀d ∈ D.
Then we deﬁne Ψ1 : D → (AI)I as follows. At ﬁrst consider Ψ′ : D → (AI)I the
analogous to the morphism Ψ0 deﬁned for Υ ◦ ψ : D → AI instead of ψ, and Φ1
instead of Φ0, where Υ : AI → AI is the morphism Υ(α) = αˆ. For this we have
ρ0 ◦ Ψ′ = Υ ◦ ψ, ρ0I ◦ Ψ′ = Φ1, and ρ1 ◦ ρt ◦ Ψ′ = ρ1 ◦ (Υ ◦ ψ) = ρ0 ◦ ψ. Then we
deﬁne Ψ1 = ΥI ◦Ψ′. For this we can verify the relations
ρ0 ◦Ψ1 = ρ0 ◦ΥI ◦Ψ′ = Υ ◦ ρ0 ◦Ψ′ = Υ ◦Υ ◦ ψ = ψ,
ρ1I ◦Ψ1 = ρ1I ◦ΥI ◦Ψ′ = (ρ1 ◦Υ)I ◦Ψ′ = ρ0I ◦Ψ′ = Φ1,
and
ρ0 ◦ ρt ◦Ψ1 = ρ1 ◦Υ ◦ ρt ◦Ψ1 = ρ1 ◦Υ ◦ ρt ◦ΥI ◦Ψ′ = ρ1 ◦ ρt ◦Ψ′ = ρ0 ◦ ψ.
Thus we have veriﬁed all conditions from Deﬁnition 4.1.
Remark 4.5. If we replace above ρ1 by ρr with r ∈ (0, 1) then the condition
ρr ◦ ρt ◦ Ψ0 = ρr ◦ ψ is not veriﬁed. Thus the pair A ρ0←− AI ρr−→ A may not be
a coﬁbration.
Proposition 4.6. Let B1
ϕ1←− A ϕ2−→ B2 be ∗-homomorphisms. Consider the follow-
ing C∗-algebra
Z(ϕ1,ϕ2) = { (a, β1, β2) ∈ A⊕B1I ⊕B2I : βi(1) = ϕi(a), i = 1, 2 }.
and the ∗-homomorphisms φi : Z(φ1,φ2) → Bi, i = 1, 2, with φi((a, β1, β2)) = βi(0).
Then B1
φ1←− Z(φ1,φ2)
φ2−→ B2 is a bicoﬁbration.
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Proof. Let ψ : D → Z(φ1,φ2) be an arbitrary ∗-homomorphism and Φi : D → BiI,
i = 1, 2, homotopy morphisms with ρ0 ◦ Φi = φi ◦ ψ . We need to deﬁne some
homotopies Ψi : D → Z(φ1,φ2)I, i = 1, 2, for ψ. If ψ(d) = (a, β1, β2), we shall deﬁne
Ψ1(d)(t) = (a, β1t, β2), Ψ2(d)(t) = (a, β1, β2t), where
βit(τ) =
{
Φi(d)((t− 2τ)), 0 ≤ τ ≤ t2 ,
βi
(
2τ−t
2−t
)
, t2 ≤ τ ≤ 1,
i = 1, 2.
This path is well deﬁned since Φi(d)(0) = φi(ψ(d)) = βi(0).
Moreover (a, β1t, β2), (a, β1, β2t) ∈ Z(φ1,φ2) since βit(1) = βi(1) = ϕi(a) and
βi(1) = ϕi(a). For these homotopy ∗-homomorphisms Ψi we have
Ψ1(d)(0) = (a, β10, β2) = (a, β1, β2) = ψ(d),
(φ1I) ◦Ψ1(d)(t) = φ1((a, β1t, β2)) = β1t(0) = Φ1(d)(t) =⇒ (φ1I) ◦Ψ1 = Φ1.
Analogously ρ0 ◦Ψ2 = ψ and (φ2I) ◦Ψ2 = Φ2.
Moreover (φ2 ◦ρt ◦Ψ1)(d) = φ2((a, β1t, β2)) = β2(0) = φ2(ψ(d)), i.e., φ2 ◦ρt ◦Ψ1 =
φ2 ◦ ψ. Similarly φ1 ◦ ρt ◦Ψ2 = φ1 ◦ ψ.
Proposition 4.7. If B1
φ1←− A φ2−→ B2 is a bicoﬁbration then every ∗-homomorphism
φi, i = 1, 2, is a coﬁbration.
Proof. Suppose that ψ : D → A is a ∗-homomorphism and Φ : D → B1I a homotopy
for φ1 ◦ ψ. Consider Φ1 = Φ and Φ2 : D → B2I, the constant homotopy, i.e.,
ρt ◦ Φ2 = φ2 ◦ ψ. Then there exists Ψ1 : D → AI, such that ρ0 ◦ Ψ1 = ψ and
φ1I ◦Ψ1 = Φ1 = Φ.
Corollary 4.8. A ∗-homomorphism φ : A → B is a coﬁbration if and only if the
pair 0 ← A φ−→ B is a bicoﬁbration. Thus every coﬁbration can be considered as a
particular bicoﬁbration.
Proof. Apply Example 4.2 and Proposition 4.7.
Remark 4.9. An example of pair of coﬁbrations which is not a bicoﬁbration is a pair
A
idA←−− A φ−→ B with φ an arbitrary coﬁbration.
Theorem 4.10. A pair of ∗-homomorphisms B1 φ1←− A φ2−→ B2 is a bicoﬁbration
if and only if there exist ∗-homorphisms ri : Z(φ1,φ2) → AI, i = 1, 2, verifying the
following conditions:
(i) ri((a, β1, β2))(0) = a, i = 1, 2.
(ii) (φiI ◦ ri)((a, β1, β2)) =  βi, ∀(a, β1, β2) ∈ Z(φ1,φ2), i = 1, 2.
(iii) (φ2 ◦ ρt ◦ r1)((a, β1, β2)) = φ2(a), ∀(a, β1, β2) ∈ Z(φ1,φ2) and (φ1 ◦ ρt
◦ r2)((a, β1, β2)) = φ1(a), ∀(a, β1, β2) ∈ Z(φ1,φ2).
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Proof. Suppose there exist ∗-homomorphisms ri : Z(φ1,φ2) → AI, i = 1, 2, with the
properties (i)–(iii). We proceed as in the proof of Theorem 2.1. Let ψ : D → A
and homotopy morphisms Φi : D → BiI, with ρ0 ◦ Φi = φi ◦ ψ, i = 1, 2. Deﬁne
Ψi : D → AI, i = 1, 2, by Ψi(d) = ri((ψ(d), Φ1(d), Φ2(d))). Then ρ0 ◦ Ψi = ψ and
(φiI) ◦Ψi = Φi.
Moreover,
(φ2 ◦ ρt ◦Ψ1)(d) = (φ2 ◦ ρt ◦ r1)((ψ(d), Φ1(d), Φ2(d))) = (φ2 ◦ ψ)(d),
i.e., φ2 ◦ ρt ◦Ψ1 = φ2 ◦ ψ and analogously φ1 ◦ ρt ◦Ψ2 = φ1 ◦ ψ .
Conversely, suppose that B1
φ1←− A φ2−→ B2 is a bicoﬁbration. Consider
D = Z(φ1,φ2) and ψ : D → A, Φi : D → BiI, i = 1, 2, deﬁned by ψ((a, β1, β2)) = a
and Φi((a, β1, β2)) = βi, ∀(a, β1, β2) ∈ Z(φ1,φ2). Then
(ρ0 ◦ Φi)((a, β1, β2)) = Φi((a, β1, β2))(0) = βi(0)
= βi(1) = φi(a) = (φi ◦ ψ)((a, β1, β2)),
i.e., ρ0 ◦Φi = ψ, i = 1, 2, and this implies that there exist Ψi : Z(φ1,φ2) → AI, i = 1, 2,
with
Ψi((a, β1, β2))(0) = ψ((a, β1, β2)) = a,
(φiI ◦Ψi)((a, β1, β2)) = Φi((a, β1, β2)) = βi.
Moreover
(φ2 ◦ ρt ◦Ψ1)((a, β1, β2)) = (φ2 ◦ ψ)((a, β1, β2)) = φ2(a)
and
(φ1 ◦ ρt ◦Ψ2)((a, β1, β2)) = (φ1 ◦ ψ)((a, β1, β2)) = φ1(a).
Thus if we put ri = Ψi, i = 1, 2, the conditions (i)–(iii) are fulﬁlled.
Corollary 4.11. A pair of ∗-homomorphisms B1 φ1←− A φ2−→ B2 is a bicoﬁbration
if and only if there exist canonical retracts γi : Mφi → AI, i = 1, 2, such that
(φ2 ◦ ρt ◦ γ1)((a, β1)) = φ2(a),∀(a, β1) ∈ Mφ1 and (φ1 ◦ ρt ◦ γ2)((a, β2)) = φ1(a),
∀(a, β2) ∈Mφ2 .
Proof. Suppose that B1
φ1−→ A φ2←− B2 is a bicoﬁbration and consider ri : Z(φ1,φ2) →
AI, i = 1, 2, as in Theorem 4.10.
Deﬁne γi : Mφi → AI, i = 1, 2, in the following way:
γ1((a, β1)) = r1((a, β1, φ2(a)), ∀(a, β1) ∈Mφ1
545
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and
γ2((a, β2)) = r2((a, φ1(a), β2)), ∀(a, β2) ∈Mφ2 ,
where φ2(a) and φ1(a) mean the constant paths here.
Then if κi : AI →Mφi , i = 1, 2, denote the ∗-homomorphisms κi(α) = (α(0), φi ◦
αˆ), we have
(κ1 ◦ γ1)((a, β1)) = κ1(r1((a, β1, φ2(a)))
= (r1((a, β1, φ2(a))(0), φ1 ◦
 ︷ ︸︸ ︷
r1((a, β1, φ2(a)))
= (a,
 ︷ ︸︸ ︷
φ1 ◦ r1((a, β1, φ2(a))) = (a, β1),
i.e., κ1 ◦ γ1 = 1Mφ1 .
Analogously we deduce the equality κ2 ◦ γ2 = 1Mφi . Thus Mφi , i = 1, 2, are
canonical retracts of AI. Moreover,
(φ2 ◦ ρt ◦ γ1)((a, β1)) = (φ2 ◦ ρt ◦ γ1)((a, β1, φ2(a))) = φ2(a)
and
(φ1 ◦ ρt ◦ γ2)((a, β2)) = (φ1 ◦ ρt ◦ γ2)((a, φ1(a), β2)) = φ1(a).
Conversely , suppose that the retractions γi, i = 1, 2, are given. Then we have
γi((a, βi))(0) = a and φi ◦γi((a, βi)) = βi, i = 1, 2. Deﬁne ri : Z(φ1,φ2) → AI, i = 1, 2,
ri((a, β1, β2)) = γi((a, βi)), ∀(a, β1, β2) ∈ Z(φ1,φ2). Then
ri((a, β1, β2))(0) = γi((a, βi))(0) = a,
(φiI ◦ ri)((a, β1, β2)) = φi ◦ γi((a, βi)) = βi
and
(φ2 ◦ ρt ◦ r1)((a, β1, β2)) = (φ2 ◦ ρt ◦ γ1)((a, β1)) = φ2(a),
(φ1 ◦ ρt ◦Ψ2)((a, β1, β2)) = (φ1 ◦ ρt ◦ γ2)((a, β2)) = φ1(a),
for all (a, β1, β2) ∈ Z(φ1,φ2).
Thus the conditions from Theorem 4.10 are satisﬁed.
Using Corollary 4.11 and the proof of Corollary 2.6 and of Corollary 2.7, we deduce:
Corollary 4.12. If B1
φ1←− A φ2−→ B2 is a bicoﬁbration then B1I φ1I←−− AI φ2I−−→ B2I
and CB1
C(φ1)←−−−− CA C(φ2)−−−−→ CB2 are also bicoﬁbrations.
Corollary 4.13. For a ﬁxed nuclear C∗-algebra F , the functor A → A ⊗min F
preserves bicoﬁbrations.
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Proof. Suppose that B1
φ1←− A φ2−→ B2 is a bicoﬁbration. We have that Mφi⊗min1F ∼=
Mφi⊗minF and if κi : AI →Mφi is the morphism κ(α) = (α(0), φi◦αˆ), then the mor-
phism κi ⊗min 1F : AI ⊗min F → Mφi ⊗min F can be identiﬁed with
κ
′
i : (A ⊗min F )I → Mφ⊗min1F , the corresponding morphism for φi ⊗min 1F . Then
if γi : Mφi → AI, i = 1, 2, are canonical retracts such that φ2 ◦ ρt ◦ γ1 = φ2 ◦ pA
and φ1 ◦ ρt ◦ γ2 = φ1 ◦ pA, we can deﬁne γ′i : Mφ⊗min1F → Mφ⊗min1F as γi ⊗min 1F :
Mφi⊗minF → AI⊗minF . Then since we can also identify ρt : (A⊗minF )I → A⊗minF
with ρt ⊗min 1F : AI ⊗min F → A ⊗min F , the relations (φ2 ⊗min 1F ) ◦ ρt ◦ γ′1 =
(φ2⊗min 1F ) ◦ pA⊗minF and (φ1⊗min 1F ) ◦ ρt ◦ γ′2 = (φ1⊗min 1F ) ◦ pA⊗minF follow. By
Corollary 4.11 we conclude that B1 ⊗min F φ1⊗min1F←−−−−−− A⊗min F φ2⊗min1F−−−−−−→ B2 ⊗min F
is a bicoﬁbration.
Remark 4.14. The corresponding property for coﬁbrations is given in [9, Prop. 1.11].
Corollary 4.15. If B1
φ1←− A φ2−→ B2 is a bicoﬁbration, the same property has the pair
of the suspension morphisms ΣB1
Σφ1←−− ΣA Σφ2−−→ ΣB2. Particularly if φ : A→ B is a
coﬁbration then ΣA
Σφ−−→ ΣB is a coﬁbration (see Proposition 4.7 and Corollary 4.8).
Proof. For a C∗-algebra A, ΣA := {f ∈ AI; f(0) = f(1) = 0}  AR C0(R)⊗A,
(see [1, p. 24]). Then we can apply Corollary 4.13.
5. Application: some results in connection with the Cˇerin’s ho-
motopy groups
This section refers to the homotopy groups for C∗-algebras in the sense of Z. Cˇerin.
We recall the deﬁnition of these groups [1].
Let A and B be C∗-algebras. Let n ≥ 0 be an integer. Let Fn = Fn(A;B) denote
the set of all ∗-homomorphisms from A into the C∗-algebra C∂(In;B) of all continuous
functions from the n− dimensional cube In into B which map the boundary ∂In of In
into the zero element 0B of the algebra B. These ∗-homomorphisms are divided into
homotopy classes and the set of these classes deﬁne a group πn(A;B) (if n ≥ 1), called
the n-th (absolute) homotopy group of B over A. The group structure is obtained
as usual by an addition in Fn(A;B) deﬁned by means of one coordinate of In. This
construction is functorial, covariant with respect to B and contravariant with respect
to A. Particularly, if A is a C∗-algebra and φ : B → C is a ∗-homomorphism, then
a homomorphism of groups φ∗ : πn(A;B) → πn(A;C) is deﬁned by φ∗[f ] = [f ′], for
f ∈ Fn(A;B), with f ′(a)(t) = φ(f(a)(t)), for a ∈ A, t ∈ In.
The pointed set π0(A;B) is the pointed set of all homotopy classes of ∗-homomor-
phisms from A into B.
Theorem 5.1. Let φ : A → B be an arbitrary ∗-homomorphism of C∗-algebras, K
a C∗-algebra and n ≥ 0 an integer. If i′ : Cφ →Mφ is the inclusion and ι : Mφ → B
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is the coﬁbration from Theorem 1.4, then there exists an exact sequence of Cˇerin’s
homotopy groups over K
πn+1(K;B)
∂∗−→ πn(K;Cφ) i
′
∗−→ πn(K;Mφ) ι∗−→ πn(K;B).
This is an immediate consequence of the following theorem.
Theorem 5.2. For φ : A→ B a coﬁbration, K a C∗-algebra and n ≥ 0 an integer,
there exists an exact sequence of Cˇerin’s homotopy groups over K
πn+1(K;B)
∂∗−→ πn(K;Cφ) π(φ)∗−−−→ πn(K;A) φ∗−→ πn(K;B).
The following two lemmas will be applied to prove this theorem.
Lemma 5.3. Let A and B be C∗-algebras and n ≥ 0 an integer. Then there exists
an isomorphism of groups σ : πn(A; ΣB)→ πn+1(A;B) (bijection for n = 0).
Proof. If f ∈ Fn(A; ΣB), i.e., f : A → C∂(In; ΣB), we can deﬁne f ′ : A →
C∂(In+1;B) in the following way. If t ∈ In+1 we write this as t = (t′, tn+1), with
t′ ∈ In and tn+1 ∈ I and then we take f ′(a)(t) = f(a)(t′)(tn+1), ∀a ∈ A, t ∈ In+1.
If t ∈ ∂In+1 we can have t′ ∈ ∂In or tn+1 ∈ ∂I. In the ﬁrst case f(a)(t′) = 0 and
in the second case f(a)(t′)(tn+1) = 0 since f(a)(t′) ∈ ΣB. Thus f ′ is well deﬁned
and f ′ ∈ Fn+1(A;B). Moreover if g ∈ Fn(A; ΣB) is in the same homotopy class as
f then g′ deﬁnes the same homotopy class as f ′.
Indeed supose that h : A → C∂(In; ΣB)I is a homotopy satisfying ρ0 ◦ h = f ,
ρ1 ◦ h = g. Deﬁne h′ : A → C∂(In+1;B)I, by h′(a)(τ)(t) = h(a)(τ)(t′)(tn+1). As
above we can see that h′ is well deﬁned. Moreover
h′(a)(0)(t) = h(a)(0)(t′)(tn+1) = f(a)(t′)(tn+1) = f ′(t),
i.e., ρ0 ◦ h′ = f ′ and analogously ρ1 ◦ h′ = g′.
Thus we have a correspondence σ : πn(A; ΣB)→ πn+1(A;B), σ([f ]) = [f ′].
Conversely, if f ′ ∈ Fn+1(A;B), deﬁne f : A → C∂(In; ΣB) by f(a)(t′)(s) =
f ′(a)((t′, s)), for t′ ∈ In, s ∈ I.
First we have f(a)(t′) ∈ ΣB since if s ∈ {0, 1}, (t′, s) ∈ ∂In+1 such that
f(a)(t′)(0) = f(a)(t′)(1) = 0. Then if t′ ∈ ∂In, (t′, s) ∈ ∂In+1 which implies
f(a)(t′)(s) = 0, ∀s ∈ I, i.e., f(a)(t′) = 0. We deduce that f ∈ Fn(A; ΣB). Then as
above we deduce that the homotopy class of f depends only on the homotopy class
of f ′.
Thus we can conclude that σ is a bijection. Finally it is easy to verify if n ≥ 1 then
the above [f ] → [f ′] correspondence is compatible with the additions in Fn(A; ΣB)
and Fn+1(A;B), so that σ is an isomorphism.
Lemma 5.4. For a ∗-homomorphism φ : B → C, deﬁne φn∂ : C∂(In;B)→ C∂(In;C),
by φn∂ (α) = φ ◦ α, for any α ∈ C∂(In;B). If φ is a coﬁbration then φn∂ is also a
coﬁbration.
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Proof. We shall apply Theorem 2.1. For this we observe at ﬁrst that the mapping
cylinder algebra Mφn∂ = {(β, θ) ∈ C∂(In;B) ⊕ C∂(In;C)I : φn∂ (β) = θ(1)} can be
identiﬁed with C∂(In;Mφ) by the following isomorphism χ : Mφn∂ → C∂(In;Mφ),
χ((β, θ))(t) = (β(t), θt), with θt ∈ CI deﬁned by θt(τ) = θ(τ)(t), for any τ ∈ I. It
is easy to see that this deﬁnition is correct and that χ is an isomorphism. Similarly
there is an isomorphism δ : C∂(In;B)I → C∂(In, BI), δ(θ)(t)(τ) = θ(τ)(t), for t ∈ In
and τ ∈ I. Now let r : Mφ → BI be a canonical retract with κ : BI → Mφ
satisfying κ ◦ r = 1Mφ . Then we deﬁne r′ = δ−1 ◦ rn∂ ◦ χ : Mφn∂ → C∂(In;B) and
κ
′ = χ−1 ◦ κn∂ ◦ δ : C∂(In;B)I → Mφn∂ . And since κ ◦ r = 1Mφ implies κn∂ ◦ rn∂ =
1C∂(In;Mφ), it is immediate that κ
′ ◦ r′ = 1Mφn
∂
. By Theorem 2.1 we conclude that
φn∂ is a coﬁbration.
Proof of Theorem 5.2. Since for the coﬁbration φ there exists a homotopy equivalence
(over A) between Cφ and J := kerφ, see [9, Prop. 2.4], we can formulate the exactness
in the term πn(K;A) as the exactness of the sequence
πn(K;J)
j∗−→ πn(K;A) φ∗−→ πn(K;B),
where j denotes the inclusion J ↪→ A.
First it is obvious that Im j∗ ⊆ kerφ∗ since φ∗ ◦ j∗ = (φ ◦ j)∗ = 0. Now let
[f ] ∈ kerφ∗. This means that f is a ∗-homomorphism f : K → C∂(In;A) such that
there exists a homotopy Φ : K → C∂(In;B)I satisfying ρ0 ◦Φ = φn∂ ◦f and ρ1 ◦Φ = 0.
By Lemma 5.4 there exists Ψ : K → C∂(In;A)I such that the following diagram is
commutative
C∂(In;A)
φn∂  C∂(In;B)
K
f

Φ





Ψ




C∂(In;A)I
ρ0
		
φn∂
 C∂(In;B)I
ρ0
		
Therefore we have ρ0 ◦Ψ = f and φn∂I ◦Ψ = Φ. If we denote f ′ := ρ1 ◦Ψ ∈ Fn(K;A),
then φn∂ (f
′) = ρ1 ◦ Φ = 0, i.e., φ(f ′(k)(t)) = 0,∀k ∈ K,∀t ∈ In, which shows that
f ′ ∈ Fn(K;J). Thus we can conclude that [f ] = [f ′] = j∗[f ′], i.e., [f ] ∈ Im j∗.
Therefore kerφ∗ ⊆ Im j∗, which permits to conclude the exactness of the sequence
πn(K;Cφ)
π(φ)∗−−−→ πn(K;A) φ∗−→ πn(K;B). (8)
Now by Example 1.13, π(φ) : Cφ → A is a also a coﬁbration and kerπ(φ) = ΣB.
By applying the exact sequence already obtained for this coﬁbration we obtain the
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exact sequence πn(K; ΣB)
i∗−→ πn(K;Cφ) π(φ)∗−−−→ πn(K;A), where i : ΣB → Cφ is the
inclusion i(β) = (0, β). Now if we deﬁne ∂∗ : πn+1(K;B) → πn(K;Cφ), ∂∗ = i∗ ◦ σ,
for σ the isomorphism from Lemma 5.3, we obtain the exact sequence
πn+1(K;B)
∂∗−→ πn(K;Cφ) π(φ)∗−−−→ πn(K;A). (9)
By joining sequences (8) and (9) we ﬁnish the proof.
Proof. We apply Theorem 5.2 for the coﬁbration ι : Mφ → B and use the homotopy
equivalence Cι
h∼ ker ι = {(a, β) ∈ Mφ : β(0) = 0} = Cφ induced by the inclusion
ker ι ↪→ Cι, see [9, Prop. 2.4].
Remark 5.5. Unfortunately we have not succeeded to prove that the exact sequences
from Theorems 5.1 and 5.2 are long exact sequences. But we can complete these se-
quences with the following semiexact sequences πn(K;A)
φ∗−→ πn(K;B) ∂∗−→
πn−1(K;Cφ) and πn(K;Mφ)
ι∗−→ πn(K;B) ∂∗−→ πn−1(K;Cφ) respectively. It is suﬃ-
cient to verify the semiexactness only for the ﬁrst sequence. First we observe that
∂∗ : πn(K;B)→ πn−1(K;Cφ) can be expressed by the following formula: ∂∗([f ]) = [h],
where for f ∈ Fn(K;B), h ∈ Fn−1(K;Cφ) is deﬁned by h(k)(t′) = (0A, βk,t′) with
βk,t′(τ) = f(k)((t′, τ)), k ∈ K, t′ ∈ In−1, τ ∈ I. Now, if [g] ∈ πn(K;A) then
(∂∗ ◦ φ∗)([g]) = [l] with l ∈ Fn−1(K;Cφ) given by l(k)(t′) = (0A, β′k,t′) and β′k,t′(τ) =
φ(g(k)((t′, τ)), k ∈ K, t′ ∈ In−1, τ ∈ I. Now we deﬁne the following homotopy ∗-
homomorphism: Ψ : K → C∂(In−1;Cφ)I by Ψ(k)(τ ′)(t′) = (g(k)((t′, τ ′)), βk,τ ′,t′)
with βk,τ ′,t′(τ) = φ(g(k)(t′, ττ ′)) for k ∈ K, t′ ∈ In−1, τ, τ ′ ∈ I. This is well deﬁned
since βk,τ ′,t′(0) = φ(g(k)((t′, 0)) = φ(0A) = 0B and βk,τ ′,t′(1) = φ(g(k)((t′, τ ′)) and
for t′ ∈ ∂In−1, Ψ(k)(τ ′)(t′) = 0Cφ . Then, for this ∗-homotopy we have
Ψ(k)(0)(t′) = (g(k)((t′, 0)), βk,0,t′) = (0A, βk,0,t′),
βk,0,t′(τ) = φ(g(k)((t′, 0)) = 0B , Ψ(k)(1)(t′) = (g(k)((t′, 1)), βk,1,t′) = (0A, βk,1,t′),
and βk,1,t′(τ) = φ(g(k)((t′, τ)) = β′k,t′(τ), i.e., Ψ(k)(0)(t
′) = l(k)(t′). So we have ob-
tained that l is homotopy equivalent with the trivial ∗-homomorphism
z : K → C∂(In−1;Cφ), which means that ∂∗ ◦ φ∗ = 0, and this implies the inclu-
sion Imφ∗ ⊆ ker ∂∗.
Lemma 5.6. Let B1
φ1←− A φ2−→ B2 be a bicoﬁbration and n ≥ 0 an integer. Then
the pair of ∗-homomorphisms C∂(In;B1) φ
n
1∂←−− C∂(In;A) φ
n
2∂−−→ C∂(In;B2) is a bicoﬁ-
bration.
Theorem 5.7. Let B1
φ1←− A φ2−→ →B2 be a bicoﬁbration, K a C ∗−algebra, and
n ≥ 0 an integer. If [f ] ∈ πn(K;A) is an element which belongs to kerφ1∗ ∩ kerφ2∗,
then there exist fi ∈ Fn(K; kerφi), i = 1, 2, satisfying the following conditions:
(i) [f ] = [fi] in πn(K;A), i = 1, 2.
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(ii) φn1∂ ◦ f2 = φn1∂ ◦ f and φn2∂ ◦ f1 = φn2∂ ◦ f .
Proof. By hypothesis f : K → C∂(In;A) is a ∗-morphism for which two homotopies
Φi : K → C∂(In;Bi)I, i = 1, 2, with ρ0 ◦Φi = φni∂ ◦ f and ρ1 ◦Φi = 0, i = 1, 2, exist.
C∂(In;B1) C∂(In;A)
φn1∂ φ
n
2∂  C∂(In;B2)
K
ψ
		
Φ1





Φ2





Ψ1

Ψ2

C∂(In;B1)I
ρ0
		
C∂(In;A)I
φn1∂I

φn2∂I

ρt

C∂(In;B2)I
ρ0
		
C∂(In;B1) C∂(In;A)
φn1∂ φ
n
2∂  C∂(In;B2)
By Lemma 5.6 there exist two homotopies Ψi : K → C∂(In;A), i = 1, 2, with
ρ0 ◦Ψi = f , φni∂I ◦Ψi = Φi, i = 1, 2, and φn1∂ ◦ρt ◦Ψ2 = φn1∂ ◦f, φn2∂ ◦ρt ◦Ψ1 = φn2∂ ◦f .
Deﬁne fi = ρ1 ◦ Ψi : K → C∂(In;A), i = 1, 2. Then Ψi : f ∼ fi in Fn(K,A) and
fi ∈ Fn(K; kerφi), i = 1, 2. Moreover, φn1∂ ◦ ρ1 ◦ Ψ2 = φn1∂ ◦ f ⇒ φn1∂ ◦ f2 = φn1∂ ◦ f
and φn2∂ ◦ ρ1 ◦ Ψ1 = φn2∂ ◦ f ⇒ φn2∂ ◦ f1 = φn2∂ ◦ f . Thus the conditions (i), (ii) have
been veriﬁed.
Corollary 5.8. Let B1
φ1←− A φ2−→ B2 be a bicoﬁbration, K a C∗-algebra, and
n ≥ 0 an integer. If f1 ∈ Fn(K; kerφ1) and φ2∗[f1] = 0, then there exists f2 ∈
Fn(K; kerφ2) satisfying the conditions:
(i) [f1] = [f2] in πn(K;A) and
(ii) φn1∂ ◦ f2 = 0.
Corollary 5.9. Let B1
φ1←− A φ2−→ B2 be a bicoﬁbration, K a C∗-algebra and n ≥ 0
an integer. Then kerφ1∗ ⊆ kerφ2∗ if and only if for each f1 ∈ Fn(K; kerφ1), the
following properties are satisﬁed:
(i) φn2∂ ◦ f1 = 0.
(ii) There exists f2 ∈ Fn(K; kerφ2), with [f1] = [f2] in πn(K;A) and φn1∂ ◦ f2 = 0.
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